Journal of Statistical Physics, Vol. 78, Nos. 3/4, 1995

Relaxation Times in a Finite Ising System
with Random Impurities
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Finite-size scaling effects of the Ising model with quenched random impurities
are studied, focusing on critical dynamics. In contrast to the pure Ising model,
disordered systems are characterized by continuous relaxation time spectra.
Dynamic field theory is applied to compute the spectral densities of the
magnetization M(t) and of M(r). In addition, universal cumulant ratios are
calculated to second order in ¢', where ¢ =4 —d and d <4 denotes the spatial
dimension.
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1. INTRODUCTION

During the last few years the critical behavior of disordered Ising systems
has recovered much of its early interest. Critical exponents in three
dimensions have been calculated to four-loop order!") and logarithmic
corrections in the upper critical dimension have been studied.® Extensive
computer simulations of the dilute Ising model at various concentrations
have shown the importance of crossover effects which give rise to effective
(nonasymptotic) critical exponents.®® The calculation of these exponents
in a field-theoretic renormalization group appraoch requires the study of
the flow of the coupling constants away from the fixed points.‘®

In this work finite-size scaling effects of the Ising model with random
impurities are investigated to second order in ¢'* (e=4—d). Since its
introduction by Fisher”’ the idea of finite-size scaling has provided a
systematic extrapolation procedure for data obtained by simulations on
small samples. An analytic approach to the calculation of finite-size effects
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has been developed by Brézin and Zinn-Justin®® and extended to critical
dynamics by several authors.'*' The central idea developed in these
papers is the derivation of an effective Hamiltonian (or an effective
Fokker-Planck equation in the dynamic case) for the homogeneous mode
of the order parameter field. This effective Hamiltonian allows the applica-
tion of nonperturbative methods to obtain correlation functions of the
homogeneous mode which cannot be calculated in an expansion around
the Gaussian model.

Dynamical properties of a system are determined by relaxation times.
Consider, e.g., the normalized correlation function of a quantity «/:

(A1) A()) — (1) <L)

t—1t)= o 1
Pl =F) AW = A0 W

For a pure system ¢ () may be written in the form of a series!’
b )= c,,e” M (2)

n=1

with a discrete set of relaxation times 7, > 0. In the limit { » oo the correla-
tion function is governed by the contribution with the largest relaxation
time and a nonvanishing coefficient ¢, .

In order to compute the relaxation time spectrum of a disordered
system one has to perform configurational averages of correlation func-
tions. For an analytical approach it is convenient to average numerator
and denominator of ¢ separately with respect to disorder instead of
averaging the quotient:

_SA) A1)y = (A1) ){H(1'))
A1)y =< (1))?

(Throughout the text, the bar denotes the average over disorder.) This
definition differs from the one used in ref 5. Disorder generates a
continuous spectrum of relaxation times which may be described by a
density p,:

¢ At—1) (3)

& (1) =j0°° dip(t)e 4)

The aim of this article is the calculation of p () by means of dynamic field
theory.*4'%) Section 2 presents the field-theoretic model for an Ising system
with random impurities and reviews its renormalization. In Section 3 an
effective dynamic functional for the homogeneous mode is derived and an
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equivalent formulation of the dynamics by a Fokker—Planck equation is
discussed. As a first application of the formalism universal cumulant
ratios which may be compared with results obtained by simulations are
calculated in Section 4. In Section 5 the spectral densities p () for o =M
(magnetization) and &/ = M? are computed. The results are discussed in
Section 6.

2. THE MODEL

A field-theoretic model for a system with quenched random impurities
is given by the Landau—Ginzburg Hamiltonian

HLs1=[ a3t o F e v (5)

where s is an order parameter field and  models the impurities which shift
the temperature locally. In this paper we consider an (n=1)-component
order parameter (Ising model), since for n > 2 the specific heat exponent is
negative (for d=3) and the impurities are irrelevant for the asymptotic
critical behavior.!” The distribution of the random field ¥ is Gaussian
with zero mean and the correlations

YY) =fo(r—r') (6)

The dynamics of a nonconserved order parameter can be expressed in
the form of the Langevin equation

04[5
3s(r, 1)

where { is a Gaussian random force which models the microscopic degrees
of freedom:

0,8=—A—L==+{(r, 1) (7

e, ) L, 1)) =246(r — ') 6(1 — 1') (8)

(The brackets { --- > denote an average over thermal noise.) In the sequel
a path integral formalism is employed which is equivalent to the Langevin
equation (7) but better suited for the application of field-theoretic
renormalization-group methods. Mean values are obtained as functional
averages with weight exp(—J,[3, s]), where J, is the dynamic func-
tional 41

7,5, 5] =fdtjddr [5(6,s+l(r—d)s+%gs3+l./,s)_lg.z:I )
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The response field § has been introduced to average over the thermal noise.
Since the weight exp(7,) requires no y/-dependent normalization constant,
one may average over Y without introducing replicas‘'®’

exp(—J,[5, s]) =exp(— 7[5, s]) (10)

where
T3 5] =jddr U dr (5(6,s+ /I(I—A)s+/1—6gs3>—/1§2)

J—?(jdzss)z] (11)

A perturbative calculation of correlation and response functions (treat-
ing the coupling coefficients f and g as perturbations) leads to integrals
which are ultraviolet-divergent at the upper critical dimension d,=4. To
obtain a well-defined renormalized field theory we render these integrals
finite by analytic continuation in ¢ (dimensional regularization) and absorb
the remaining poles at e=0 into renormalizations of coupling constants
and fields. The required renormalization constants have been calculated at
two-loop order.'®') Here only the one-loop Z-factors are shown, since
they are sufficient for our purpose. The renormalizations are

§o35,=2Z1%% soso=2Z"s
1o 1,=(Z,/Z)t A= de=(Z,/Z.)'? A 12)
8- 80=(2,/Z0)g [f=f=(Z,/Z0)f
G.g=uu’ G.f=vu’
where the bare quantities are indicated by the index 0, and
Z.=1—(4v)fe+ --- Z=1+--.
Z.=1+ufe—(2v)fe+ --- Z,=14+3u)/e—(120)/e+ --- (13)

Z,=1+(2u)fe—(8v)fe+ ---

In (12), u is an external momentum scale and the factor G,=
(1 +¢/2)/(4)%* has been introduced for convenience.
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3. EFFECTIVE FUNCTIONAL FOR THE ¢g=0 MODE

In this section the model (11) is considered in a finite cubic geometry
of linear size L with periodic boundary conditions. The calculation of
finite-size effects in this field theory follows the line taken in the analysis of
the finite pure system®'" and the discussion of nonequilibrium phase
transitions in a finite geometry.!!%1!3

We transform the fields §, and s, to Fourier space by writing

o6, )= 50 (1) €%, so(r, 1) =Y 50,(1) € (14)

where g, =(2n/L)n,, n,=0, +1, +2, .. (a=1, .., d). At the critical point
the ¢ =0 modes may not be treated perturbatively, since the correlator of
the field s has an isolated pole at g2 = 0. Additional factors of the form 1/42
are generated through time integrations in Feynman graphs. In order to
treat the ¢=0 modes separately we decompose the fields §,, s, into
homogeneous modes M(t), My(t) and their orthogonal complements

¢o((¢or 1), dolr, 1)

Solt 1) = Mo() + Bolr, ) Bo(t) =L~ [ dr ofr, 1)

(15)
Solt, )= Mo() + 4ol 1) Mo(1) =L [ d so(x, 1)

One obtains an effective dynamical action Z,,,,[M,, M,] by integrating
out all g # 0 modes:

exp( _‘g—hom[MOa MO])

=j@[$o, $o] CXP(—'g-[MO'*‘JOa Mo+ ¢])

= [ D030, b0 exp(— T [0, Mo1= 5B, 0]

_'7i-m[M0’ M0;¢0’ ¢0])

where

- A
T Lo, M5) = 1| [ it (10 (0, Mo+ duroMo+ 20 b13) ~ 203)
AZ N 2
—OTf°<j dt M0M0> J (16)

Toldo, $01= [ dr [ diTFo(0,80+ (70— 4) do)— Aod3) (17
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Fig. {. One-loop contributions to F.n [Eq. (24)1. Wiggly lines with or without an arrow
represent A7 or M fields, respectively; broken lines represent correlations of the disorder.

and
'g?m(MOa MD’ g()’ ¢0]

A - Ao 8o ~
=jddr {j.d‘< 02g0M§¢0¢0+ 02 0M0M0¢g>

=137 ([ oty ([ e Fus
+<j dt M0¢0><f dt JOMO)
+§([ dr M0¢0)2+§<j dt$0M0>2}}+ (18)

In Eq.(18), only those interactions are given which are necessary to
calculate the leading contributions to J;,,, for small ¢ (this statement will
be explained below). The Feynman graphs which have to be evaluated to
obtam the shift of T, and the renormalization of coupling constants are
shown in Fig. L.

To see what calculation has to be performed to derive the effective
functional, let us consider the second graph in the first row of Fig. 1 in
more detail. Its contribution to Jy,,, reads

3fo | at| ar By Moty L~ Y e )

@© ~ q#*0

Using the Taylor series

g | . .
Mo(t')= ) FME)”(I)(I'~I)’ (20)

j=0J"
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one obtains the expansion

- ® gty R oy L
(9)=iafo | diflole) == MYPO L™ T o

o - L 2-
=dofo | dt Hty(0) (5)

[<3) LZ J . ) L 2
(4,[210) Mz,”(z)l‘”(ro (£)> @1

where the function /(x) is defined as a d-dimensional sum over integers

I(x) (22)

(Zn)d“¢0x+n

As mentioned above, the bare parameters and fields have to be expressed
by their renormalized counterparts t, A, f, g, M, and M to remove
ultraviolet divergences from the theory. The divergencies in the expansin
(21) come from the functions I(x) and I'(x). We will return to this point
later in this section.

The next step is to decide which terms in the expansion have to be
kept to obtain physical quantities at second order in ¢'/*. For this purpose
it is crucial to realize that the interaction | dr MM? has to be present
already at lowest order in the perturbation series since it is required to
stabilize the system at temperatures 7< 7T.. (Remember that above four
dimensions g, is a dangerous irrelevant variable.) On the other hand, the
renormalized coupling constant g is at the random fixed point of order
¢2.1% In order to see how the expansion in (noninteger) powers of ¢ is
organized we rescale M, M, and ¢ in such a way that the coefficient of
[ di MM?* becomes O(e°) at the fixed point of the renormalized theory
while the Gaussian part remains unchanged for t=0:

M- e BM, M-oe '®M, t-¢ % (23)

Inserting these rescalings into the expansion (21) and remembering that
f=0(&'?) at the fixed point one, finds that the leading term (j=0) is of
order ¢!/, while the second term (j=1) is of order "% All other contribu-
tions are at least O(g**).

In the same way one can make sure that all other new interactions
(not contained in (% ) can be ignored at order "2 The same is true for

hom
contributions from diagrams with more than one loop.
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After these considerations the calculation yields the effective functional

. - Ao 8
Fuanl o, Mo1 =L [t (1o (7o0, Mo+ hotoMo+ 252 013)

_ . 2
—AofoMg>—§zgf0 (j dt M0M0> ] (24)
where
1 L\~W=2 L\?
) E) o)
3 LN\*A L\?
tom e (145040 (52) 7'(vo(5)))
LN Iy 2s)
fo=to(1+ o= 4 (52) 1 (n(52) )
L 4—-d L 2 .
Fo=1~—f4 <E> r (To <E) ), Ao=4Aofo
The function I(x) may be written in the form
—xt d
I(x)= 2n . Zoxﬂ (27:)“'J. dt e~ A(1)—1) (26)

where
0 1/2 2
A=Y e-"2'=(§> A(%) (27)

Equation (27) (which follows from Poisson’s formula®®) shows that the
integral 7(x) diverges for d> 2. Using dimensional regularization, we get'?

1) =G, ()~ =) (28)
where a(x) is finite for ¢=0. For ¢=0 and x large a(x) behaves as
a(x) = x(In x — 1)+ O(x*) (29)
while
1 « (7 81In2
a(O)—?L dt <A(t) —(7> - 1>_ - (30)

The coefficients in the Taylor series for a(x) are given in the appendix of
ref. 12.
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To obtain a renormalized effective action we insert I(x) [Eq. (28)]
into Egs. (25) and (24) and express the bare couplings and fields by their
renormalized counterparts. In this way one finds the effective renormalized

couplings
. u a(x) #L>)
=t{l+(=— —2Iln—
f 1:< +<2 v)( . In o

) 3 , uL
g g<1+§(u—4v) (a (x)—ln—2;>>

f=f(1 + (u—4v) <a’(x) —In %»

2n
L
F=1 —u<a'(x)—1n"—>
2n

(31)

where x = t(L/(2n))% The scaling behavior of the functions #(z, L), g(z, L),
f(z, L), and #(z, L) may be derived from renormalization group equations.
At the random-fixed point u, = 4(3¢/106)'?, v, = (3¢/106)'* we obtain

) L\ (M) +n—2
1=1:<£2l;> T(y)

. /lL d—4+2n
i=n(5) o)

f=1. (%) F()

. % —2+4+n
r—<2n> R(y)

with the scaling variable y = (t/u?)(uL/(2%))"". Since these functions must
become independent of L in the bulk limit L — oo we expect the asymptotic
behavior

T(y)Ny—l+v(2—n) R(y)~y—v(z—2+q)

G(y)~ y'4—d=2 F(y)~ yrd=d=2m for y—- oo (33)
Using —1+v(2—17)=(3¢/106) + ---, we may write

() e
T(y)—1+<106> " + O(e)

e tsaem (o (22) P A0)
=(1+y) !t ){1+<IO6> [y ln(1+y)]+0(£)} (34)



902 Oerding

which explicitly displays the expected behavior for large y. Analogously,
one finds

1/2
R(y)= (14 y)=re-2+ {1 - (—3i) [@'(»)—In(1 + )] + O(e)} (35)

106
Note that F(y) and G(y) are trivially F(y)=1+ O(¢) and G(y)=1+ O(¢)
to this order. Since 5 =0(eg), this is consistent with the limiting
behavior (33).
In order to calculate correlation functions for the homogeneous
mode M in the finite-size scaling limit one has to perform functional
averages with the weight exp(—Z;..,), Where

Thom[ M, M] =L"U dt (M(fa,M+ lfM+%M3>—/lsz>
_ 1 12f<f dt MM)Z] (36)
2

Since we are especially interested in relaxation times, it is appropriate to
describe the dynamics in the form of a Fokker—Planck equation equivalent
to the statistical functional (36). Relaxation rates are then obtained as
eigenvalues of the Fokker—Planck operator. However, the derivation of a
Fokker—Planck equation is complicated by the presence of the noise term
proportional to ([ dt MM)? which reflects the disorder. This term may be
formally removed from 4, by introducing an auxiliary Gaussian random
variable X’ and an X-dependent dynamic functional J:

- = dX X?
exp(—From [ M, M1)= | W“"(‘T)

x exp(— Ty [ M, M) (37)
where

AN\12
T [, M]=L"Jdt1t~l{r‘6,M+/l[f+<§,> X]M
18 .
+—6£M3—/lr‘M} (38)

The Fokker-Planck equation corresponding to Jy is given by

0 A 0
_Px(M,f)='L—d.aTl

, d
" (HX(M) +W) Py(M, 1) (39)
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H (M)=L"{l[ +<f>]/2X]MZ+ M“} (40)
X 2 L 4!

We now obtain the correlation functions of interest by averaging
X-dependent solutions of Eq. (39) with respect to X, e.g.,

where

(A (M(1)) S (M(1')))

dX 2/
=J_ We—x LA (M(1)) L(M(1'))) x

_ j_w G " [ : aM : AM' o/ (M) 4 (M")

X Pyo(M' > M, 1—t')P2(M')  for t>1 (41)

where P53 (M) is the equilibrium distribution N(X) exp(—Hx(M)) and
P,(M'— M, t—1') denotes a transition probability.

4. UNIVERSAL CUMULANT RATIOS

A useful quantity in the study of critical phenomena by Monte Carlo
methods is the cumulant ratio introduced by Binder?!

(M

U=l-3ar

(42)
which depends only on the scaling variable y oc tL'”. At the critical
point U becomes a universal number which has been calculated for the
pure Ising model to second order in /&.®

Since in the case of disordered spin systems one has to perform
configurational averages, there are three different ratios which may be
considered:

Ul=1—<—_—;, U2=1—<—__7>_, Uy=1— ( M) > (43)
IA(M?H? 3(M?H? 3(M?)?

The formalism presented in the previous section permits a straightforward
calculation of U,. To compute equal-time averages we do not need to
know the transition probability in Eq.(41), but only the equilibrium

distribution P (M):

ax
« 207

My = M5 = | e [ aM ot (M) PE (M) (44)
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Defining the functions

oo 1
rk(x)=j_ dqq“‘exp(—ng—aq“) for k=0,1,2,.. (45)
I(x
ck(x)=% (46)
0

one obtains

- . d\ 172 £\ 172
ar - [ gamea((3) +(3) ) @

This yields for T=T, at the random-fixed point the universal ratio
U, =0.216368 +0.092017¢"/* + 0.009625¢'> + O(&**) (48)

with the three dimensional estimate U,(e =1)=0.3180.
To obtain the average {M*>? or more general correlation functions of
the form

M) M) - AM(1,)*> (n=1,2,..)

we introduce n replicas before taking the configurational average. The
replica method is necessary at this point because (M 2>? is a product of
two thermal averages which has to be averaged with respect to disorder.
Since the thermal expectation values have to be calculated for the same
impurity configuration, the average over disorder does not factorize.
However, one may use the replica trick to rewrite the product of »n thermal
correlation functions in the form of a single correlation function of »n
different fields. The configurational average can then be performed first.
This yields the dynamic functional

7,3, s]=jd"r [J dr Y 3, <6,s1+/1(1:—A)sa+A—6gsi—/ls'a>
x=1

ll n 2
_3[0 di El ss> ] (49)

Taking the trace over g #0 modes, one obtains an effective functional for
the homogeneous modes M,, M, :

T, homl M, M] =L U dt Y M, <fa,M, +AiM, + 16‘5 M- /11’1%()

a=1

1 )2 n - 2
- & <jdz 5 MQM1> ] (50)

a=1
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As a consequence of causality the functions #, £, §, and f are independent
of n and thus identical with those given in Egs. (31), (32). Introducing
a single Gaussian random variable X as in Eq. (38), it is easy to show
that the distribution of each mode M, satisfies the Fokker—Planck equa-
tion (39). Thus the stationary distribution factorizes and the average of
{M?*>? with respect to disorder is given by

- w© dx s LA\ 12 f 1/2 2

INZ_ (apdy—} —Xx2 = - ()
G =L [ me ™) ((g) “+(z) x) on

Expanding the ratio U, at the critical point in powers of ¢', we obtain

U, =0.401918 + 0.084739¢'/* — 0.005651¢'? + O(&**) (52)

and the three-dimensional estimate U,(e=1)=10.4810.
To compute the third cumulant ratio U; by the replica method, one
may extend the average

My
(M?)?

(M (1=2,3,..)

analytically to a convex function of n and then perform the limit n — 0.
This procedure is mathematically not rigorous, since the analytic continua-
tion of a function which is known only for a discrete set of points is not
unique. However, a particular way of continuation is suggested by the form
of the effective functional (38) and the Hamiltonian (40): To calculate
correlation functions of the homogeneous mode at second order in ' one
can replace the d-dimensional random field y(r) by a single random
variable X. Adopting this idea for the calculation of (M*>/{M?>2% we
obtain

< M >= [7 A e Ci(LVE)?E+ ()2 X) o)
(M?)2) ) (2m)'2 CU(LY8)7 ¢+ (f18)" X)?
At the critical point this gives

U, = 0.283908 + 0.076024¢'/* + 0.005347¢'2 + O(e**) (54)

and the estimate Us{e=1)}=0.3653.

The computer simulation'®’ of a site-disordered Ising system with a
concentration p =0.8 yields U;=0.48. The disagreement between the one-
loop result and the simulation is probably due to the low accuracy of the
¢'’* expansion for ¢ = 1. On the other hand, one has to check if the simula-
tion has reached the asymptotic scaling region where exponents and
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amplitudes calculated at the random fixed point are valid. Deviations from
the asymptotic scaling behavior lead to concentration-dependent effective
exponents. The effective exponents obtained in ref. 4 for p =0.8 are quite
close to the fixed-point exponents, but the effective U; may depend more
sensitively on p than the exponents. Therefore simulations at various
concentrations could be helpful. Unfortunately, in ref. 4, U, is only given
for p=0.8.

More accurate analytic estimates for the cumulant ratios could
probably be obtained at one-loop order from an effective functional in
three dimensions (i.e., without the ¢'* expansion). However, beyond the
second order in ¢'* we lose the justification for ignoring interactions which
are not already contained in 4 (¢)_. One has thus to allow for correlated
noise and non-Markovian interactions which are generated by tracing out
the ¢ #0 modes. Even for the pure system there is no work known to the
author where the effective functional for d=3 has been studied.

5. RELAXATION TIME DISTRIBUTIONS

Following an idea of Goldschmidt,?® it is convenient to transform the
Fokker-Planck equation (39) to a Schrédinger equation in imaginary time
and calculate eigenvalues approximately by means of a variational method.
In order to remove the first-order derivative with respect to M in Eq. (39)
we express Py (M, t) by a “wave function” ¥ 4 (M, 1),

Py(M, 1)= (M, t)exp[ — 3 Hx(M)] (55)
and obtain

L% d - 2 1 R
S M= {3 00 = 3 LGN 0,0) (56

After the change of variable

M=(L%)""q,  yx(M,)=Vy(q1) (57)

the Schrédinger equation becomes

P Ll/ 1/2 0 10
_i<?> Elpx(q,t)———h (76_6], f]) Yx(g 1) (58)

with the Hamiltonian

1, 1, 1 2 K
h(p,q)=§p‘+5q‘<fc+1~242> —§q2—5 (59)
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1 Le 1/2, M 12
=31(%) (2 ()

Given an initial wave function  at time ¢, the solution of Eq. (58)
may be written in the form

and

Vela, 0= da' Gl g, 11, 0) (g’ 1) (61)

The expansion of the Green function G(k;q,t]q’,t') in terms of eigen-
functions ¢, ,(q) (with eigenvalues ¢, ,) of the Hamiltonian is given by

s\ 172

610,119 1)= L bunl@) btV ox0 | =2 (£) " ensii=0)] (@)
In ref. 23, some exact eigenvalues ¢, , for n<5 are computed by a dis-
cretization technique. For each n=2, 3, ... there is a lowest-lying eigenvalue
e{™mn) where 0<e{™™ < g™ < ... These eigenvalues accumulate in the
region where —« is of order unity. For n=1, ¢,., is an increasing function
of k with lim, _ _, &.,=0. Thus the “energy bands” with small n govern
the long-time behavior of the Green function.

The exact ground state ¢, o(g) with energy €, =0 corresponds via
Eq. (55) to the equilibrium distribution P% (¢), and the Green function is
related to the transition probability by

1) ¢x0(4)
¢l\‘.0(q,)

Exploiting Egs. (63) and (62), we obtain a representation of correlation
functions in terms of quantum mechanical eigenfunctions:

(A (q(1)) L(q(t')) x
= @D5+ T Lunl F(G) B o) 77V (64)

n#0

Py(g—=q,1—t)=GC(x;q,t| gt (63)

Here <A(q))x= {0l #(q) §.0> is an equilibrium expectation value.

The relaxation times?®
LA 1
T.c,n=§}<—) (65)

4 €xn

2 Note that at the random fixed point 7, , is of the order ¢~/ This is in agreement with the
time rescaling given in Eq. (23).

822/78/3-4-16
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as well as the functions ¢, , depend on the random variable X. Once the
¢... are known, we are able to transform the distribution of X to a distribu-
tion of relaxation times. The average of correlation functions with respect
to disorder can be rewritten as

(A (q(1) #(q(t')> — <L (q)*)

© df 1 )
= L WEO 17.(0)| exp {—56—2- [ya(0)— sz}

X<yl @) Banodexe (-1 ZH) (66
Ffic 0
The function y,(0) gives the value of the parameter x such that ¢, ,=1/0.
If ¢, , as a function of x is not one-to-one (this is the case for n>2), we
have to divide the region —oo < X < co into appropriate intervals in which
7,(8) is well defined. In Eq. (66), & and the variance o are given by

1 L4 1/2‘ R ]?
K_E(?) o oL (67)

At the fixed point one obtains the scaling behavior

1[G yT()

e =) ‘s | o (%)
., Vs F(y)

o(t, L) =44, GOy) (69)

with the functions F(y), G(y), and T(y) defined in (32).
The spectral density p_ is related to the normalized correlation
function

(A (q(1)) L(q(1)> — (A (g))*
(A (q)">— <A (q))*

G (1—1)= (70)

by

qj.d([—[’):Jzo dip(t)e =1\ (71)

(Here the relaxation time t should not be mixed up with the temperature
parameter. In the sequel the scaled temperature variable y shall be used.)
From Eq. (66) one easily derives the scaling behavior

P (L y;1)=L""p (1, y; L™%1) (72)
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At the bulk critical temperature T=T, (i¢., y=0) we find in particular

L L
p (L, 0;7) =24 (’;n> Ap“,(ZAu r<’;n> A) (73)

with the scaling factor

I [ u,G(0)7"2
) [(270" GJ (74)

and the universal scaling function

1
Poal®)= gy 3, O exp { = 33 00007}
x [<Byi01n] 2 (q) 185,001 (75)

At leading order in ¢"* we have at the critical point

=1 (22" ooyt 0(/¢ :=Lyo 76
=7 () OUTOE) P +0E) ()

The density p_, is normalized by the static correlation of «, i.e.,
=<l (q)*> — <A (q))* (77)

Notice that for a pure system (fixed point v, =0, 6*=0) p, , becomes a
sum of d-functions reflecting a discrete spectrum of relaxation times.

According to Eq. (65), the largest relaxation times correspond to the
lowest energy levels with a nonvanishing matrix element (¢, ,,| #(q) [¢. o>
In this paper, we consider as examples the odd quantity (with respect to
parity) o/(q)=q and «/(q) =¢” as an even observable. While the behavior
of p_(0) is governed by the first exited state ¢, ,, the largest possible
relaxation times of ¢ occur for n=2. To obtain approximate results for
eigenvalues as well as for eigenfunctions we start from the variational
ansatz??

$r1(g) =N ge—*@+P? (78)
and
$..2(q) = Ny(1— Bg?) e~ x4+ 57 (79)

Here N,(a, ) and N,(a, B) are normalization constants and the coefficient
B(a, B) follows from orthogonality: (¢, , | ¢,.0) =0.
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Fig. 2. The relaxation time distribution p,, of the order parameter. The broken line shows
the asymptotic form described in the text.

The minima of

E, (0 B)=Lnl B(p. D be>  (n=1,2) (80)

and the matrix elements {¢, ,| &(q) |, o> have been calculated for values
of k in the range —0.5<k<1.5 (for n=1) and —1.5<x<0.5 (for n=2)
by the simplex method.®*’ The results are used to interpolate the functions
7,(0) and {¢, o) .| H(q) |0, 6,0> by means of the interpolation routine of
Mathematica.® This procedure yields the scaling functions p,o(8) and
p,2.0(0) shown in Figs. 2 and 3.

The singularity po(0)~(8,,—0)""* at 0,~1.69 is due to a
minimum of ¢,, and coincides with the largest relaxation time of g?

L

/
//

1. 1.2 1.3 1.4 1.5 1.6

Fig. 3. The relaxation time distribution p: .
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correlations. For i»6,, (with a scaled time foc L~7r) the correlation
function C(f) shows an exponential behavior

C p(i) ~ e~ om (81)

while for 7~ 0,, contributions of short relaxation times are appreciable
and induce a faster decay. This behavior is expected for all even observ-
ables #/(q).

A very different situation occurs for .&/(q)=gq. The long-time tail of
p,.0(8) results from the almost degenerate ground state of the Hamiltonian
h(p, q) in the limit xk - —oo. This effect may be explained physically by the
local shift of the temperature caused by impurities: There are regions in the
system where the temperature is shifted considerably below T, and, as a
mesoscopic analog of spontaneous symmetry breaking, parallel spin con-
figurations decay very slowly.

While the variational method gives sufficiently accurate results for the
region of # displayed in Fig. 2, the asymptotic behavior of y,(6) for 6 — oo
may be derived by instanton methods. The energy of the first exited state
behaves as

12
s,‘.',=<;> (—K)exp[ —(6x2 +3/2)] for k> —om (82)

A short derivation of this behavior is given in the appendix. Solving
Eq. (82) for k, we get

1 0 1 1\'?
y,(9)2—<gln<ﬁ>+§lnln9—z> for 8- (83)
To obtain an approximation for the matrix element {¢, || g |4, ) We use
the variational wave function (78) with a = 1/48, # = 12« [this choice mini-
mizes the energy E, (o, ) for k > —0]:

(Benl qlduo> =(— 12’\')”2 for K= —0 (84)

This result is robust on changes of the variational wave function since any
ansatz ¢, ,(q) oc ¢" exp[ —(g>+ 12x)*/48] with an odd exponent n>1
gives the limiting behavior (84).

In Fig. 2 the asymptotic form of p, () is compared with the numeri-
cal result for '< 20.

6. DISCUSSION

Finite-size scaling effects of the Ising model with random impurities
have been investigated. Since the relaxation of this system is strongly
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affected by disorder, special attention was focused on dynamics. While the
linear relaxation of a pure system may be described by a discrete set of
relaxation times, impurities generate a continuous spectrum. We have
calculated the spectral density for correlations of the magnetization M and
for correlations of M? at the critical point. The results show that M?
correlations decay exponentially for large scaled times = L ~7t, whereas
correlations of the magnetization display a power-like behavior.

The continuous spectrum of relaxation times, especially the arbitrarily
long relaxation times of the magnetization, 1s a remarkable difference from
the pure Ising model. It can be explained as follows. Since the impurities
tend to hamper the formation of magnetic order, the critical temperature
T.(p) of the random system is shifted below that of the pure system, T.(1).
If the system is sufficiently large, there will be large regions almost free of
impurities in which parallel spin configurations decay very slowly at tem-
peratures below 7.(1). In regions with a high concentration of impurities,
on the other hand, the relaxation takes place very rapidly. Since the homo-
geneous mode of the magnetization contains contributions from different
regions of the system with different concentrations of impurities and
different relaxation rates, the spectrum becomes continuous in the finite-
size scaling limit (L — oo, & — o0, &/L arbitrary).

The long relaxation times of the order parameter have thus the same
origin as the nonanalytic behavior above the critical temperature in dilute
Ising magnets (Griffiths singularities).‘?®’ In the thermodynamic limit there
are arbitrarily large regions free of impurities in which the system tends to
order below the critical point of the pure system. As a result the magnetiza-
tion below T.(1) is a nonanalytic function of the external magnetic field.
This is true even for concentrations of magnetic sites below the percolation
threshold p..

Because of this relationship between relaxation times and Griffits
singularities one might speculate that the long-time tail in the spectrum
of M occurs at all temperatures below T (1) and concentrations p. < p < 1.
But this is beyond the validity of the field-theoretic approach presented in
this paper and should be checked by computer simulations. At least near
the critical point of the random system the spectral densities of M and M2
retain their qualitative form.

The functions p, , and p, . shown in Figs. 2 and 3 describe the spectral
densities in the asymptotic scaling region at the critical point. For extreme
concentrations (close to the percolation threshold or p<1) a very large
system size is required to observe the asymptotic scaling behavior. If, for
example, the impurities are very dilute and the system is comparatively
small (L3=50° say) the spectrum is expected to be strongly peaked
near the discrete relaxation times of the pure system. To calculate
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nonasymptotic spectral densities by renormalization group techniques one
has to study the flow of the coupling constants away from the fixed points.
This leads to size-dependent effective coupling constants #(L) and (L)
and parameter functions £, g, f, and 7 which violate the asymptotic
scaling forms (32).

In a paper of Heuer® the correlation function of |M| for a site-
disordered Ising system with a concentration p=0.6 is shown. For this
concentration the approach to the asymptotic region is quite slow.
Crossover effects are expected to be less important for p ~ 0.8 since for this
concentration even comparatively small systems may be described by
asymptotic exponents.®)

An interesting subject for further studies is the nonlinear relaxation of
the magnetization at T,. In the case of a pure system with an initial
magnetization My L~P" the relaxation displays a crossover from the bulk
behavior M(f)~t~#"%) to an exponential decay.””®’ This behavior will be
changed in the presence of random impurities due to the continuous relaxa-
tion time spectrum of the order parameter.

If initial correlations are of short range, the magnetization grows at
early times 1 < M ;¥/#+ %) Jike a power t* with a new exponent §."!®
In connection with finite-size scaling this initial slip behavior is discussed
in ref. 28.

APPENDIX

To obtain the energy ¢, , of the first excited state of the Hamiltonian
h(p, q) in the limit xk - —oo we rescale the coordinate ¢ —» ¢’ = ¢g// —k and
rewrite the stationary Schrédinger equation in the form

192 q 5
<—§a—qz+sz<_—K>> Brr(@) = b B r(0) (A1)
with
n 1 1
8""1:(——1c58”'1_5 (A2)
and the potential
_1 , q2 2 1 R
Vg)=34 (1—12) el (A3)

While the degeneracy between ¢ =0 and g = i\/ﬁ is lifted at first order
in 1/k?, the classical minima at g= i\/ﬁ correspond to quantum
mechanical energy levels which are degenerate at all order in the perturba-
tion theory.!'!
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We calculate the energy gap &, , — &, by an instanton method which
is described in detail in ref. 29. Consider the quantity

Tr Pe~FH — Z( )t e~ P (A4)

where P is the parity operator and H denotes the Hamiltonian on the Lh.s.
of Eq. (Al). For k > —0, f — oo the trace is dominated by

Tr Pe P ~ (g, — &, ) e Fi0 (AS)

In the same limits we obtain by a quasiclassical approximation‘*®

5

Here E(f3) and S(f) are the energy and classical action of a particle moving
in the potential — F(g) on a trajectory which connects the classical turning
points +¢, [ie, V(xq,)+ E=0]. f is the time required for one passage
from —gq, to ¢q,. Since this trajectory only exists for V(+g,) < V(0), we may
not a priori neglect the term proportional to 1/x? in the potential (A3). For
small 1/x? and f§ — oo we obtain

q,=\/—_2|:1+161 +0<1)] (A7)

K

E(B)= ,+0< 1) 6144K4e_2”|:1+0<1n(x ”)] (A8)

Tr Pe #7 ~ 2

172
S| S| et )

and

SB)=[" da {20V(@)+ BB}~ E(B)B

a0+ (1 7)

+%1n(—4x)+0<ln( )) (A9)

K

Inserting these expressions into Eq. (A6) yields

6 172 2
Tr Pe—/iH,z <;> ﬂeﬂ/ze—(6x-+3/2) (AIO)
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Thus the asymptotic form of the energy ¢, | in the limit kK = —oo is given
by

6\ :
8,\.‘1=<;t—> (—K)e_{é"””yz) (All)
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